In this paper, we show the Hasse principle for the character group of a finitely generated field over the rational number field. By applying this result, we obtain an algebraic proof of unramified class field theory of arithmetical schemes.
Introduction
The Hasse principle for the character group of a global field is known as a classical result ([2, p.180, 8.8 Corollary] ). The classical class field theory is used to prove this result, especially the first inequality ([2, p.179, 8.4 Consequence]). The objective of this paper is to show the Hasse principle for the character group of a finitely generated field over the rational number field Q, that is, to show the following results. (i). Let k be a finitely generated field over Q; X, a regular algebraic curve over k; and R(X), the function field of X. Let R(X) p be the function field of the Henselization of O X,p for p ∈ X\(0). Then, the local-global map of the character groups
By applying the above results, we obtain the following:
Corollary 1.1. (Corollary 4.1) Let X be a connected normal scheme of finite type over Spec(Z) where the characteristic of X is 0. Suppose that i ≤ dim(X ). Then, H 1 (X , Q/Z) →
is injective.
This result yields an algebraic proof of the unramified class field theory of arithmetical schemes ([10, p.270, Theorem (5.10)]), which is proved by using Chebotarev's density theorem in [10] .
Notation
For a scheme X, X (i) is the set of points of codimension i, and X (i) is the set of points of dimension i. We denote by π ab 1 (X) the abelian fundamental group of X. For an integer m > 0, we identify the etale cohomology group H 1 (X, Z/mZ) with the group of all continuous homomorphisms π ab 1 (X) → Z/mZ. For an integral scheme X and p ∈ X, let κ(p) be the residue field at p; R(X), the function field of X; O X,p , the local ring at p; O X,p , the Henselization of O X,p ; R(X) p , its quotient field; O X,p , the completion of O X,p ; R(X) p , its quotient field; O X,p , the strict Henselization of O X,p ; and R(X)p, its quotient field. When an integer m is invertible in O X , µ m denotes the sheaf of m -th roots of unity on the etale site X et of X. For a local ring A, K M n (A) denotes the Milnor K-group of degree n for A.
Higher local class field theory and its application
In this section, our objective is to prove Proposition 3.3, which is a generalization of [5, p.524, Lemma 5.4] ; it is required to prove Theorem 4.1.
Higher local field theory
In this subsection, we review higher local field theory, which plays an important role in the proof of the main result.
Definition 3.1. A field K is called an n-dimensional local field if there is a sequence of fields k n , · · · , k 0 satisfying the following conditions: k 0 is a finite field, k i is a Henselian discrete valuation field with residue field k i−1 for i = 1, 2, · · · , n, and k n = K.
For any field k of characteristic 0, and r ≥ 1, let
be the Galois cohomology groups. Then, there exists a canonical isomorphism
For 0 ≤ r ≤ n + 1, the canonical pairing
Theorem 3.2. [6, 8] Let K be an n-dimensional local field and F be the n − 1-dimensional local field that is the residue field of K. Then, (iii). We have the commutative diagram
where the horizontal arrows come from the class field theory, and the left vertical arrow ∂ is the boundary homomorphism.
In particular, an element χ ∈ H 1 (K, Q/Z) is unramified, that is , the corresponding cyclic extension of K is unramified, if and only if
Class field theory of schemes over Henselian discrete valuation field
Let Z be an excellent scheme. For x ∈ Z (i) and y ∈ Z (i+1) , let
be the following homomorphism. Let W be the normalization of the reduced scheme{ y}, and define ∂ y x as
Here, x ′ ranges over all points of W lying over x, ∂ x ′ denotes the tame symbol
is complex by [7] . For an integer n, we define
We consider schemes X, X, and Y which satisfy the following assumption.
O k : a Henselian discrete valuation ring with residue field F and quotient field k, X : a connected regular proper scheme over S = Spec(O k ),
, and
. Hence, we have the anti-commutative diagram
(1) Therefore, we obtain the homomorphism
Let k be an n-dimensional local field. Suppose that X is a smooth proper algebraic curve over k. Then, we construct a homomorphism
Let K be the function field of X, P = X (0) ; R p , the Henselization of O X,p for p ∈ P ; and K p , the quotient field of R p . Then, we define
where ′ denotes the restricted product with respect to the subgroups Ker(
Let χ be an element of H 1 (K, Q/Z) and χ p be the restriction of χ to
Consequently, we obtain a pairing
defined by
Then, we have the following result. 
Proof. Let p be a prime number. Then, it is sufficient to prove the statement for an element of H 1 (K, Z/pZ). The proof is similar to [9, p.57, II, Proposition
By applying this result, we obtain a generalization of [9, p.76, II, Theorem 7.1].
Corollary 3.1. Let L be a cyclic extension of K in which almost all p ∈ X (0) split completely. Then, all p ∈ X (0) split completely in the extension.
Proof. Now, we have a finite morphism X → P For any positive integer i and p ∈ P , let
be the subgroup generated by symbols {u, x 1 , · · · , x n } with u ∈ U i (K p ) and x 1 , · · · , x n ∈ K * p . Then, the image of
is surjective by the approximation theorem for a Dedekind domain R. Moreover, a norm subgroup of K
for a sufficiently large i. Hence, the statement follows from Proposition 3.1 and Theorem 3.2 (i), (ii).
Let C K be the quotient of I K by the image of the subgroup K M n+1 (K). By Proposition 3.1 and the pairing (2), we obtain a pairing
Now, we observe that the quotient of C K by the image of the subgroup
is canonically isomorphic to SK n (X), because the quotient of K
Consequently, the pairing (3) induces the pairing H 1 (K, Q/Z) ⊗ SK n (X) → Q/Z, and we obtain the homomorphism τ :
Corollary 3.2. Let k be an n-dimensional local field where the characteristic of k is 0 and X is a smooth proper scheme over k. Then, we obtain the homomorphism τ : SK n (X) → π ab 1 (X).
Proof. By the same argument as that in the proof of [10, p.259, Lemma (3.2)], it is sufficient to prove the statement for a proper smooth curve over k. Thus, the proof is complete.
Then, we have the following result for homomorphisms ∂ and τ . (ii). We have the commutative diagram
Here, δ is the composition map π 1 (X) ։ π 1 (X) Proof. The proof is similar to [10, p.261, Lemma 3.11 (2) , (3)]. We use Theorem 3.2 (iii) to prove (ii).
The following is known as a generalization of a Henselian regular local ring .
Lemma 3.2. ([10, p.263, Lemma 3.15] ) Let A be a Henselian regular local ring of dimension ≧ 2, with perfect residue field F and quotient field K. Let T be a regular parameter of A, and suppose that in case ch(K) = 0 and ch(K) = p > 0, (T ) is the unique prime ideal of height one that divides (p).
We show the following fact by using this result and higher local class field theory.
Proposition 3.2. (c.f. [10, Proposition 3.12]) Let k be an n-dimensional local field. Suppose that X, X, and Y satisfy Assumption 3.3. Moreover, X is smooth over S. Let χ ∈ H 1 (X, Q/Z) andχ : SK n (X) → Q/Z be the induced homomorphism. Then, the following are equivalent:
(i). χ comes from the subgroup
(ii).χ factors through the map ∂.
Proof. The proof is similar to that of [10, Proposition 3 .12], as follows. (i) implies (ii) by Lemma 3.1. Therefore, it is sufficient to show that (ii) implies (i). For x ∈ Y (0) , let A x be the Henselization of the local ring O x of X at x. Let U x = Spec(A x ) × X X, and let χ x ∈ H 1 (U x , Q/Z) be the restriction of χ. Then, the canonical morphism U x → X induces a bijection
and for u ∈ (U x ) (0) , κ(j(u)) ≃ κ(u). We assume (ii). Then, for every u ∈ (U x ) (0) , the restriction χ x,u ∈ H 1 (u, Q/Z) of χ x corresponds to an unramified extension of κ(u) by Theorem 3.2 (iii). Let t be a prime element of O k . Then, t becomes a regular parameter of A x by the assumption of X. Hence, χ x comes from H 1 (Spec(A x ), Q/Z) by Lemma 3.2. Therefore, (ii) implies (i) by descent theory. Let X be a normal scheme. Then, Let k be an n-dimensional local field. Suppose that X, X, and Y satisfy Assumption 3.3. Moreover, X is smooth over S. Then, the specialization map δ X (where we omitted suitable base points) is surjective and induces an isomorphism
Proof. The proof is similar to [5, p.524, Lemma 5.4] . The surjectivity of δ X follows from the definition. Therefore, the surjectivity of (5) follows. The injectivity of (5) follows from Proposition 3.2.
Let k 0 , k 1 , · · · k n = K be a sequence of fields as in Definition 3.1, and let X be a proper algebraic curve over K. Let O ki (0 ≦ i ≦ n) be a Henselian discrete valuation with quotient field k i . When X satisfies the following condition, we say that X has a good reduction in each step.
X has a good reduction, that is, there is a proper smooth morphism X → Spec O kn . For any irreducible component X n−1 of X ⊗ O kn k n−1 , it has a good reduction. Moreover, we can repeat the above step until we obtain a proper smooth morphism X 0 → Spec k 0 .
Then, we have the following result.
Proposition 3.3. Let k be an n-dimensional local field. Let X be a proper algebraic curve over k and regular with a good reduction in each step, and let P be the set that contains almost all closed points of X. Then,
Proof. Proposition 3.3 follows from Lemma 3.3 and Corollary 3.1.
Proof of Theorem 4.1
First, we prove the following Lemmas in order to prove the main result.
Lemma 4.1. Let A be a Dedekind domain; k, its quotient field; and X, a proper algebraic curve over k. Let k p be the Henselization of k at p ∈ Spec(A). Suppose that the characteristic of k is 0.
Then, X × k k p has a good reduction for almost all p ∈ Spec(A).
is commutative. Then, the vertical map on the right-hand side is clearly injec
